Abstract-The performance of capacitive interdigital sensors involved with anisotropic and inhomogeneous nematic liquid crystal (LC) film is investigated. These sensors have potential applications in chemical and biological systems. The theory for modeling the permittivity tensor of the LC film as a function of the molecular orientation is presented. The LC film is handled as inhomogeneous material where molecules are assumed to have different orientations with respect to the frame axes. Under these conditions, fringing field capacitances as functions of the molecular deformations are calculated. Examples of modeled capacitive interdigital sensors in the present of different inhomogeneous distributions of LC films will be studied and discussed.
INTRODUCTION
Interdigital capacitors (IDC) have been involved in many sensing applications over the past five decades [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Properties of the IDC have been studied by many authors and have shown high performance when being used as sensors involved with many scientific applications. For example, interdigitated sensors are used in telecommunications, biotechnology, chemical sensing, dielectric imaging, acoustic sensors, and microelectromechanical systems (MEMS) applications [11] [12] [13] .
Many features give the description of the interdigitated electrodes sensors such as sensor's geometry, mathematical modeling, manufacturing, parameter optimization, and selection of material under test. Each one of the previously mentioned applications requires certain features and parameters that achieve the goal of the application. Interdigitated sensors are well known to be combined with isotropic dielectric materials. In these cases, the sensing mechanism is based on the dielectric properties of these materials which include physical, chemical, or structural properties of these materials. As a result, the capacitances between the electrodes forming the IDC will change.
In a previous work, the authors presented a capacitive interdigital sensors engaged with homogenous ordered LC film. An innovative technique in sensing utilizing capacitive transduction mechanism was developed and results were reported in [14] . Capacitive transduction offers significant advantages over the optical techniques adopted in [15] [16] [17] [18] . For example, the ability to monitor the LC profile rather than simply sensing an LC distortion. Capacitive transduction also offers a simpler system for autonomous operation, greater sensitivity and potentially lower false alarms. In [14] , the authors presented the theoretical and experimental principles of monitoring and tracking the nematic LC molecular profile via capacitive transduction in homogenous and ordered systems. In fact, LC films in many practical sensors are in inhomogeneous state.
This paper extends the capacitive transduction method to simulate completely inhomogeneous LC films. Molecules in nematic inhomogeneous LC films are partially disordered over all the film but can be ordered in local regions of the film. As an example, twisted nematic LC has continuous helical twist deformation which appears in layers, each layer has an average director axis where the direction of the director changes from layer to another.
INTERDIGITAL CAPACITOR STRUCTURE
Interdigital capacitor is a finger like or comb like periodic pattern of electrodes deposited on a broad selection of substrates which could be opaque, porous or transparent, e.g., silicon or glass, where dielectric film coats these electrodes. As shown in Figure 1 , the interdigitated pattern consists of two latticed electrodes in the xy plane, each electrode consists of N fingers. Each finger has a width of a and the space between any two adjacent fingers is also set to a. The spatial distance of the periodic interdigitated cell is called a unit cell which could be defined as the distance between the centerlines of the adjacent fingers belonging to the same electrode.
By applying different potentials on the interdigitated electrodes, V 1 and V 2 , the generated electric field travels from one electrode, penetrating the dielectric film, as well as the substrate underneath the electrodes, to the other electrode. The capacitance measured between the electrodes depends on the dielectric constants of the substrate and the dielectric film. Fringing capacitance between the interdigitated electrodes depends on electrode's width, a, where transverse capacitance depends on the electrode's thickness, t and the distance between the adjacent electrodes. When the dielectric film is an isotropic material, the unit cell capacitance per length is given by the closed form
where o is the dielectric constant in the free space, o = 8.8542 × 10 −12 F/m. r and k are the dielectric constants of the substrate and the dielectric film, respectively. K(·) is the complete elliptic integral of the first kind. By making full use of symmetry and neglecting the capacitances of the edges, the total capacitance of the IDC is calculated by
where N is the number of unit cells in the capacitor and L is the length of the electrode fingers. This capacitance model is valid in the presence of an isotropic dielectric film.
In the case of anisotropic film, the dielectric permittivity is a tensor rather that a single constant. In the following sections, we will numerically model the capacitance of the IDC associated with anisotropic [19] [20] [21] and inhomogeneous [22] [23] [24] LC film.
INHOMOGENEOUS NEMATIC LC PROFILE
Nematic LCs have anisotropic behavior below clearing temperature. LC molecules could be perfectly aligned parallel to one another or have some degree of disorder. At any point in the LC film, a vector n can be defined to represent the averaged molecular orientations around that point. When the director axis is constant throughout the LC film, the film is said to be homogenous. In contrast, the LC film is inhomogeneous when the director axis changes within the film. In our analysis, we will handle different inhomogeneous molecular alignments, this requires some understanding of the molecular orientational distribution and degree of ordering of these molecules.
Molecular Orientation
Nematic uniaxial LC with rod-like (or cylinder like) has two perpendicular axes, the long axis and short axis. We will represent the molecule orientation with respect to the Cartesian coordinate system. For example, the molecule located at the coordinate points (x i , z j ) can be described by the zenithal and azimuthal angles θ i,j = θ(x i , z j ) and φ i,j = φ(x i , z j ), respectively. The zenithal angle, θ i,j , is the angle between the long molecule axis, m, and the z-axis as shown in Figure 2 where the azimuthal angle, φ i,j , is the angle between the projection of m on the xy plane and the x axis. In Figure 2 , e 3 represents the long molecule axis where the short axis is represented by either e 1 or e 2 , these two axes are identical due to the uniaxial nature of rod-like LC.
LC film exhibits two electrical permittivities, the parallel permittivity, , for the electric field traveling in parallel with the individual long molecule axis and the perpendicular permittivity, ⊥ , for the electric field traveling in perpendicular with the long molecule axis. The permittivity tensor, k , in the director axis molecular principal axes system is given by
Molecular Degree of Orientational Order
In a real LC film, molecules may have certain degree of disorder. In this case, a scalar quantity is required to identify the spread of the molecules about the director axis, n, and give information about the degree of order along the director axis. Let θ r be defined as the angle between the long molecule axis and the director axis. The order parameter, which defines the degree of alignment of the molecules, depends strongly on the molecules distribution about n. In general, the order parameter is defined according to the second order Legendre equation as
where the triangle brackets stands for the thermal average. For perfectly aligned LC film, θ r goes to zero and the molecules have a full degree of order, i.e., S = 1. In contrast, when the molecules orientations are completely random, the LC film is in the isotropic phase and S = 0. In nematic LCs, the molecules are very sensitive to temperature and changing the temperature can cause the molecules to fluctuate and, as a result, will affect the molecular orientational distribution. Therefore, the order parameter will change as well. Moreover, the order parameter is a strongly temperature dependent parameter and can be affected by heating or cooling the LC film.
CAPACITANCE MODELING
We will analyze the IDC and calculate the capacitance between the electrodes numerically by using a finite difference method (FDM). applying different potentials on the electrodes will generate an electric field that satisfies Maxwell's equation
where is the dielectric permittivity and E is the electric field vector. Equation (5) 
In inhomogeneous LC film, molecules at different locations in the LC film may have different orientations. Therefore, the permittivity experienced by the electric field is different from a location to another. For example, for two different molecules located at the coordinate points (x i , z j ) and (x m , z n ), in general, i,j xx = m,n xx when the (i, j) and (m, n) molecules have different orientations. In uniaxial rod-like LC film, the permittivity tensor is symmetrical. For example, for the (i, j) molecule, i,j xz = i,j zx , i,j xy = i,j yx , and i,j yz = i,j zy . According to the Cartesian coordinate system, the permittivity tensor for the (i, j) molecule is given by
where the individual permittivities in (9) are given by
Applying FDM to solve (8) inside the LC film requires dividing the film into regions, say ∆x×∆z. Substituting (10) in (8) and solving for the potential at (x i , z j ) gives
where
and , this will give A 1 = A 2 = 0 and Equation (11) turns into results given in [14] . The capacitance calculation requires the evaluation of V i,j , which depends on the molecular orientation, i.e., θ i,j and φ i,j . The capacitance per unit cell per length between any two electrodes can be calculated as follows
where V d is the potential difference between the electrodes and is the permittivity tensor of the dielectric material. It is important to notice that the potentials used to measure the capacitance in this sensor should not exceed the Freedericksz transition strength or the LC molecules will rotate as function of the potential [25] .
RESULTS AND DISCUSSIONS
In this section, simulation results are presented to provide insight into the IDC behavior in the presence of inhomogeneous LC film. The 5CB LC parameters are used to simulate and calculate the capacitances. To get insight into the behavior of the IDC, examples of different LC alignment states will be discussed. In all these cases, we will handle IDC with interdigitated electrodes on the bottom substrate and a continuous electrode on the top one where a multilayer inhomogeneous LC film with different scenarios is sandwiched in between. In general, each layer is treated to have different average director orientation. For example, the l-th layer has an average dielectric permittivity tensor of l , where the average director orientation is at θ l and φ l , and an order parameter of S l , where (l = 1, 2, 3, . . . , L) and L is the number of layers. The IDC sensor with layered LC film is shown in Figure 3 . In the first case, the molecular orientation is homogenous in each layer but inhomogeneous over all the LC films. In this structure, we consider the case of a twisted LC film in which θ l = 90 • in all layers where φ l is changing from one layer to another such that φ l in degrees is given by
The first layer, which is near the interdigitated electrodes, has φ 1 = 0 • and the last layer, which is near the continuous electrode, has φ L = 90 • as shown in Figure 4 .
The permittivity tensor in each layer can be calculated by using Equations (9) and (10) . When a 10 µm thick 5CB LC film is divided into 52 layers and each layer is handled as a full ordered layer (S l = 1.0, for l = 1, 2, . . . , L), the fringing capacitance is 88.37 pF/unit cell-length compared to 91.23 pF/unit cell-length when the LC film is homogenous with φ l = 0 in all layers. This shows that starting with initial homogenous alignment at φ l = 0 and stimulates the molecules to twist will result in 2.86 pF change. In the second example, the impact of the spacing between the adjacent fingers on the capacitance is investigated. Figure 5 shows the capacitance as a function of the spacing between the adjacent fingers for both, the twisted multilayered film and when φ l = 0 • in all layers.
This example shows that the capacitances in both cases are very close at small spacings. The difference increases as the spacing increases. This proves that the wider the distance between the electrodes, the deeper the electric field will penetrate the LC film as shown in Figure 6 . In the case of twisted director axis, the dielectric permittivity as seen by the electric field lines getting smaller as we go up the LC film. This is because molecules are parallel to the x axis in the lower layer and it is parallel to the y axis in the upper layer, thus, the electric field will see ⊥ in the upper layer. On the other hand, when φ l = 0 in all layers, all the electric field lines will see molecules parallel to the x axis. This will result in capacitance difference of around 2.86 pF/unit cell/length at finger spacing of 10 µm. as shown in Figure 5 . The last example illustrate the case when molecules are partially ordered in each layer, i.e., 0 < S l < 1. Figure 7 shows the capacitance as a function of the order parameter in which the molecules in all layers have the same degree of order. The solid line in Figure 7 represents the capacitance of the twisted molecules where the dashed line represents the capacitance when φ l = 0 • for all layers. When S = 0 for both cases, the LC film is in isotropic state and both cases have same molecular behavior and same capacitance. When S = 1, the results in Figure 7 are identical to those in Figure 5 when the spacing between fringing is 10 µm.
CONCLUSION
Interdigital capacitive sensor engaged with liquid crystal (LC) film is modeled. This partially disorder system has applications in chemical and biological sensing systems. In this paper, the LC film is handled as inhomogeneous material where each molecule, in general, has a different orientation over the region of interest. The theory for modeling the permittivity tensor of the LC film as a function of the molecular orientation was presented. IDC capacitance was modeled and impact of the LC parameters, molecules alignment, degree of ordering and spaces between the electrodes was illustrated through examples.
